We investigate the shear viscosity of a pion gas in relativistic kinetic theory, using the Nambu-JonaLasinio model to construct the pion mass and the ππ-interaction at finite temperature. Whereas at low temperatures the scattering properties and, hence, the viscosity are in agreement with lowestorder chiral perturbation theory, we find strong medium modifications in the crossover region. Here the system is strongly coupled and the scattering lengths diverge, similarly as for ultra-cold Fermi gases at a Feshbach resonance. As a consequence, the ratio η/s is found to be strongly reduced as compared to calculations without medium-modified masses and scattering amplitudes. However, the quantitative results are very sensitive to the details of the applied approximations.
I. INTRODUCTION
The elliptic flow at RHIC was found to be in rather good agreement with almost ideal hydrodynamic behavior [1] [2] [3] [4] [5] [6] [7] . This led to an intensive discussion of the hydrodynamical properties of strong-interaction (QCD) matter under extreme conditions. The viscous properties of a thermal system are characterized by its transport coefficients. These describe the deviation from ideal hydrodynamics and are determined by the micro-physics.
While originally the RHIC data have been interpreted as evidence for an almost perfect fluid in the quarkgluon phase, it was pointed out recently that the elliptic flow crucially depends on the transport properties in the hadronic phase [8] . In this phase, at low temperatures and small baryo-chemical potentials, the thermal properties of QCD matter are governed by the lightest degrees of freedom, namely pions. Moreover, for small enough temperatures, a gas of pions is sufficiently dilute to apply relativistic kinetic theory. Such a kinetic description of transport processes requires solely the (in-medium) masses and scattering amplitudes of the underlying particles. In this context, usually the vacuum values of these quantities are used [9] [10] [11] [12] [13] [14] [15] [16] [17] . The temperature dependence of the transport coefficients is then the result of the different thermal occupation of states. However, the pion mass and the pion interactions are modified by the hot and dense medium. Since pions are (near) Goldstonebosons of spontaneously broken chiral symmetry, their properties are sensitive to its restoration at high temperatures, especially in the chiral crossover region.
A consistent description of pion scattering processes in the vacuum and at low temperatures can be obtained within chiral perturbation theory [18] [19] [20] [21] [22] [23] . However, the expansion breaks down in the chiral crossover region where nonperturbative effects become essential. Therefore, in order to describe ππ-scattering in this region, an approach is needed which allows for a proper description of the chiral phase transition. The starting point for our investigations will be the Nambu-Jona-Lasinio (NJL) model [24, 25] , which has been used extensively to study spontaneous chiral symmetry breaking in the vacuum and its restoration at finite temperature and (net) quark density. (For reviews see [26] [27] [28] [29] .) Unlike in the linear sigma model, which was employed in ref. [30] in a similar context, the elementary degrees of freedom in the NJL model are quarks. Mesons are constructed from qqcorrelations. At low temperatures, the pion emerges as a bound state in the pseudoscalar channel, whose mass, decay constant and scattering properties are consistent with chiral low-energy theorems [31, 32] . However, in the vicinity of chiral restoration, the pion gets dissolved and becomes a broad resonance at high temperatures. This feature, which is a natural consequence of the compositeness, cannot be described properly in the linear sigma model and is our main motivation to use the NJL model.
In the present work, we focus on the shear viscosity η. This transport coefficient is essential for the behavior of the elliptic flow in non-central heavy-ion collisions. Moreover, the ratio of shear viscosity over entropy density, η/s, is a measure for the proximity of a given system to ideal fluid dynamical behavior. In the context of the AdS/CFT correspondence it has been conjectured that η/s has a universal lower bound of 1/4π [33] (although this con-jecture has been questioned by some authors, see, e.g., Ref. [34] ). Thus, an almost-ideal fluid should acquire a value of η/s which is close to this putative lower bound. Besides the hot and dense fireball of a heavy-ion collision, nearly-ideal hydrodynamic behavior has also been discussed for a system of ultra-cold fermionic atoms in a trap. Here a divergent scattering length (unitary limit) can be achieved via a Feshbach resonance tuned with an external magnetic field. Ultra-cold Fermi gases thus offer the exciting possibility to study strongly coupled systems under 'controlled conditions' in the laboratory and infer analogies to QCD matter. We shall see that a divergent scattering length can also be found in a pion gas near the chiral crossover.
This article is organized as follows. In sect. II, we describe the main steps for calculating the shear viscosity in relativistic kinetic theory. In sect. III, we employ the NJL model to determine the relevant quantities which enter the kinetic description: After briefly reviewing the temperature dependence of quark and meson masses as well as the ππ-scattering lengths, we introduce several approximation steps of increasing sophistication to calculate the in-medium ππ-scattering amplitude and discuss the resulting changes of the total cross sections. The results for the shear viscosity and for η/s are presented in sect. IV. Finally, in sect. V, we discuss the implications of our results and propose further developments.
II. SHEAR VISCOSITY FROM KINETIC THEORY
In this section we summarize the main ideas of how to calculate the shear viscosity within kinetic theory and list the corresponding equations that need to be solved. We largely follow Refs. [13, [15] [16] [17] , and refer to these articles for further details.
The basic ingredients of relativistic hydrodynamics are the local fluid four-velocity u µ (x) and the energymomentum tensor T µν . Performing an expansion in gradients of u, the latter can be written as
where
is the ideal part solely specified by the local energy density ǫ and pressure p, while
gives the first-order viscous correction with the bulk viscosity ζ and the shear viscosity η. In order to determine these transport coefficients in kinetic theory one exploits the fact that T µν is related to the phase-space distribution functions f (x, p) ≡ f (x, p, t) of the particles involved. In the present study we limit ourselves to a gas of pions. Then we have the collision term vanishes, i.e., C ππ [f (0) ] = 0. Because of this, the system is then said to be in 'local thermal equilibrium'. In general, however, f
is not a solution of the BUU equation, since the derivatives on the lefthand side of eq. (5) do not vanish for x-dependent fields.
We are particularly interested in static solutions 1 with a non-vanishing shear flow. To this end, we work in the local rest frame of the fluid, u = (1, 0, 0, 0) T , and consider a time-independent equilibrium distribution f
with ∂ i u j = 0 for some spatial indices i = j. Moreover, we assume that T and µ π do not depend on x. The solution of the the BUU equation is then constructed in the framework of a Chapman-Enskog expansion [35] [36] [37] to leading order. This means, we write
and linearize the collision term C ππ in the correction f
p , while the advective term (the left-hand side of eq. (5)) is evaluated with f
in the local rest frame of the fluid, one finally arrives at
which is a linear integral equation for the tensor function
wherep = p/| p|. We solve this equation by expanding the function B in generalized Sonine polynomials. Further details are given in the appendix.
Having constructed the distribution function f , we can now insert it into eq. (4) to determine the energymomentum tensor. The shear viscosity is then obtained by comparing the result with Eqs. (1) -(3) . In fact, as the equilibrium distribution just gives rise to the ideal part of T µν , the relevant contribution comes from the correction term f (1) . One finds
Finally we note that the kinetic description is only valid in the dilute-gas limit, i.e., if the system is well approximated by a free gas and interactions lead only to minor corrections. This means that the mean free path λ has to be much larger than the typical range of interaction r. To assess the region of validity of our results we therefore have to check whether this condition is fulfilled.
III. IN-MEDIUM PION SCATTERING IN THE NJL MODEL
The remaining task for the calculation of the shear viscosity in the approximation, discussed above, is the determination of the in-medium pion mass m π and the ππ-scattering amplitude M ππ . As motivated in the Introduction, this will be done within the NJL model, which has the advantage that it allows for calculating mediumdependent meson properties, including effects of their quark substructure and the chiral transition.
In the present analysis we restrict ourselves to two quark flavors and use the standard NJL-model Lagrangian [24, 25] ,
with four-point interactions in the scalar-isoscalar (σ) and pseudoscalar-isovector (π) channels. Here ψ denotes a quark field, m 0 is the bare quark mass, and g is a coupling constant with mass dimension −2. The model is not renormalizable and we use a 3-momentum cut-off Λ in order to regularize divergent loop integrals. For the numerical calculations we take the parameters m 0 = 5.0 MeV, gΛ 2 = 2.06, and Λ = 664.3 MeV from [29] .
A. Pion mass
The strong attractive interaction between the quarks leads to the dynamical generation of a mass gap. In the Hartree approximation, this so-called constituent quark mass is given by where Σ H is the one-loop self-energy, diagrammatically depicted in fig. 1 . We refer to the literature for the exact expression of Σ H , see e.g. [38] for details. Note that unlike the bare mass m 0 , Σ H and, thus, m q are temperature dependent, so that typically m q ≫ m 0 at low T , whereas m q ≈ m 0 at high T . Quark-antiquark scattering processes in specific channels can be associated with the propagation of a meson. In the Random-Phase Approximation (RPA) the BetheSalpeter equation for the quark-antiquark T -matrix takes the form, diagrammatically shown in fig. 2 . This approximation is a standard technique in the NJL model, again we refer to [38] for details of the calculation. Evaluation of this equation in the scalar and pseudoscalar channels, respectively, yields the meson "propagators"
where M ∈ {π a , σ}, and Π M denotes the corresponding quark-antiquark polarization loop. For the momenta we have used the short-hand notation q ≡ (iω m , q) with bosonic Matsubara frequencies ω m = 2mπT . After analytic continuation to real energies, which simply amounts to replacing iω m by q 0 + iε in the final expressions, the pole of
Here we have chosen to define the "mass" of an unbound resonance via the real part of Π M , while for bound-state solutions, i.e., for q 0 = m M < 2m q the polarization function is real anyway. Like the constituent quark mass, the masses of the pion and the σ-meson are temperature dependent. This is well known from the literature (see, e.g., [27] ) and shown in fig. 3 for our choice of parameters. The latter have been fitted to reproduce a pion mass of m π = 135 MeV in vacuum [29] . In the chirally broken phase, the pion is protected by being an approximate Goldstone boson, and hence the temperature dependence of m π is very weak. The mass of the σ-meson, on the other hand, is approximately given by 2m q and therefore drops considerably when approaching the crossover temperature. In the restored phase, m π and m σ rise again and become asymptotically degenerate.
For the later discussion of the ππ-scattering cross section it is useful to define two characteristic temperatures in the crossover region, which have been introduced first in ref. [32] . The first one is the σ-dissociation temperature, defined by
For T < T diss , the σ-meson can decay into two pions. The second is the Mott-temperature, defined by In the quark loops, both directions of the momentum flow should be taken into account.
For T > T Mott , the pion can decay into a quark-antiquark pair, i.e., it is no longer a bound state but only aresonance. With the parameter set chosen here, we have T diss = 179.9 MeV and T Mott = 198.55 MeV. In the chiral limit, both temperatures are equal to the critical temperature of the chiral phase transition. Thus, they can be taken as possible definitions of the chiral crossover temperature.
B. ππ-scattering length
Since pions are not elementary degrees of freedom in the NJL model, there is no elementary pion-pion interaction in the model. However, effective meson-meson vertices can be constructed by using the diagrammatic building-blocks of the NJL model. We follow [31, 32] and consider the leading-order diagrams in a 1/N c -expansion. The two diagrams contributing to M ππ to that order are shown in fig. 4 . In the first diagram the pions are coupled through an intermediate quark loop ('box'), while the second corresponds to the exchange of a σ-meson, which is coupled to the external pions via quark triangles.
3 To be precise, the diagrams shown in fig. 4 are representatives of two classes of diagrams which must be considered [31] . In the case of the box diagram, the pions can be attached to the quark loop in various orderings, leading to three distinct amplitudes. Moreover, the σ-meson exchange must be taken in the s-, t-and u-channel. These contributions can be coupled to the different isospin channels. The ππ-scattering length is related to the invariant matrix element at threshold,
The explicit expressions for a 0 and a 2 as functions of temperature are given in ref. [32] , while a 1 vanishes, as it should for s-wave scattering.
The results are shown in fig. 5 . With the parameter set used in this article, we find the same qualitative behavior as in [32] . The vacuum values a 0 = 0.164 m π , are in reasonable agreement with the Weinberg scattering lengths [40] ,
which yield a π . Note that the chiral expansion employed by Weinberg is not identical to the 1/N c expansion. Thus perfect agreement should not be expected.
At finite temperature, the scattering lengths deviate from their vacuum values. This effect is very small at low temperatures but becomes important when approaching the crossover region, in particular the two transition temperatures T diss and T Mott . At T = T diss , the process π + π → σ is resonant for two pions at rest. Thus the s-channel σ-exchange diagram involves an on-shell σ-propagator, giving rise to a strong peak in the isoscalar channel.
5 Similarly, at T = T Mott , a pion at rest is at threshold for the decay process into a quark-antiquark pair. This leads to a divergent scattering length in both isospin channels at the Mott temperature The resonant scattering length at T diss and T Mott is reminiscent of the behavior of cold atomic gases in an external magnetic field in the vicinity of a Feshbach resonance. In the present case the role of the magnetic field is taken by the temperature. This analogy between cold atoms and hot pions will be investigated further in the following sections.
C. Scattering amplitude
As discussed in sect. II, the calculation of the shear viscosity of an interacting pion gas within kinetic theory involves the in-medium scattering amplitudes M I ππ . In the following we introduce four approximate ways to evaluate M I ππ . Comparison of the corresponding results will then allow to identify the most relevant effects.
Weinberg amplitude
The most simple approximation is to neglect both, momentum and temperature dependence of the scattering amplitude, and to employ Eqs. (20) and (21) to construct the latter from the Weinberg scattering lengths,
This approximation has previously been discussed in ref. [13] .
Medium modified momentum independent amplitude
We have seen in sect. III B that the assumption of a temperature independent scattering amplitude is definitely not a good approximation when approaching the crossover region. Therefore, in order to improve on this, we replace the Weinberg scattering lengths by the temperature dependent scattering lengths of fig. 5 . However, we still neglect the momentum dependence, i.e., we evaluate the amplitudes only at the two-pion threshold,
At low temperature the Weinberg amplitudes are approximately recovered because of the good agreement of the NJL scattering lengths with the Weinberg ones. On the other hand, M I ππ,th also incorporates the "Feshbach resonances" at T diss and T Mott . Of course, this will be important for the shear viscosity.
Momentum dependent σ-meson exchange
On the other hand, in the crossover region where the temperature is of the order of the pion mass, the approximation of a generally momentum dependent scattering amplitude by its value at the two-pion threshold becomes questionable as well. This is most obvious for the σ-meson exchange diagram (Fig. 4, right) in the schannel. As explained above, the resonant behavior of a 0 at T = T diss is due to the fact that at this temperature the σ-meson propagator is on-shell for pions at rest. However, when the thermal motion of the pions is taken into account, the σ-meson can become on-shell already at lower temperatures, while at T = T diss a large fraction of pion pairs is far away from the threshold. In order to include this effect, we again improve our approximation scheme and take the momentum dependence of the σ-propagator into account. To be precise, in the s-channel we consider a σ-meson with energy q 0 = √ s and vanishing three-momentum, while in the t-and uchannel we take q 0 = 0 and | q| = t or u, respectively. For simplicity, we still neglect the momentum dependence of the quark triangle and box diagrams. This approximation is sometimes called the 'static limit' and can be interpreted as not resolving the quark substructure of the effective meson-meson vertices. We expect that this is a minor effect, except for temperatures close to and above T Mott . For small momenta, the resulting scattering amplitude is equal to M I ππ,th , so the Weinberg scattering length is again well reproduced at T = 0. Above the two-pion threshold there is now also a small p-wave contribution, giving rise to a non-vanishing amplitude in the isospin-1 channel. This is taken into account in our calculations. However, for a realistic description of this channel, the ρ-meson has to be included. This extention of the model is left for future work.
Including the ππ-decay width of the σ-meson
A still unrealistic feature of the previous approximation is the structure of the intermediate σ-meson. While the process ππ ↔ σ is an essential ingredient of the ππ-scattering amplitude, the coupling of the σ-meson to a two-pion intermediate state is not included in the RPA Bethe-Salpeter equation, depicted in fig. 2 . As a consequence, the σ-meson only has a small width due to quark-antiquark decay, whereas the ππ-decay width, which should be dominant at low temperature, is not taken into account.
Thus, in an improved approximation we consider a dressed σ-propagator,
where Π dressed σ (q) is a sum of the RPA polarization loop and a correction term which contains a two-pion intermediate state. This correction can be derived systematically in an expansion in the inverse number of colors (1/N c ) to next-to-leading order [38, [41] [42] [43] [44] [45] [46] . The relevant diagram is shown in fig. 6 and yields
with q = (iω m , q), k = (iω n , k) and bosonic Matsubara frequencies ω m and ω n . Γ σππ denotes the effective σππ vertices, i.e., the quark triangles in fig. 6 , which are again evaluated in the static limit.
After analytical continuation to real energies, Π ππ σ has a nonvanishing imaginary part above the two-pion threshold. This is exactly the wanted effect. In addition, it has also a real part, leading to a renormalization of the σ-meson mass. Unfortunately, this causes inconsistencies with chiral low-energy theorems, which are based on a delicate cancellation between the σ-exchange and the box diagram in fig. 4 . This problem cannot easily be cured. In principle, consistency with chiral symmetry can be achieved in a systematic 1/N c expansion by taking into account all diagrams of a given order. At leading order these are the diagrams shown in fig. 4 with the RPA σ-meson, while at next-to-leading order there are more than 60 additional diagrams, not counting the different orderings to attach the external pions. Moreover, the fact that fig. 6 is iterated in the σ-propagator spoils the strict 1/N c -counting, and we would encounter inconsistencies even if all nextto-leading order diagrams were considered.
In this situation, we decided to include the σ-width in a minimal fashion by considering only the imaginary part of Π ππ σ but neglecting the real part, i.e., we take
As a consequence, the propagator is not modified at and below the two-pion threshold, which implies that the scattering lengths remain unchanged. In particular, the Weinberg scattering lengths are still reproduced well at T = 0. Of course, this way of including the σ-width is very schematic. At the present stage we mainly want to estimate its importance for the shear viscosity, while we are not aiming a perfect description of ππ-scattering. We note that neglecting the real part of Π ππ σ , which is related to the imaginary part by the Kramers-Kronig relation, violates causality. We believe, however, that this is a minor effect in comparison with the violation of the chiral low-energy theorems, which would occur if the real part was taken into account.
In fig. 7 , the spectrum of the σ-meson is shown for different temperatures. The "spectral function"
is shown for | q| = 0 as a function of energy for both approximations, RPA as well as the additional dressing. In the vacuum, the RPA meson has a very small spectral width, while the dressed σ-meson is much broader. When the temperature increases, the quark mass decreases and thus the threshold for the RPA meson moves downwards. At the same time, the mass peak of the σ moves downwards as well (see fig. 3 ). Therefore the phase space for the two-pion decay becomes smaller and the width of the dressed σ-meson gets reduced. At T = 177 MeV, which is near the dissociation temperature, the thresholds 2m π and 2m q are almost equal. At temperatures above the T diss , the pion decay plays only a minor role, and the dressed σ-meson is very similar to the RPA result. The threshold in this temperature range is determined by the qq-decay channel, which is included in both descriptions of the σ-meson.
D. Scattering cross section
The isospin-averaged differential cross section in the center-of-momentum frame is given by
where |M ππ | 2 is the isospin-averaged squared scattering amplitude as defined in eq. (7). In fig. 8 we compare the total cross sections of the four different approximations introduced in sect. III C at four different temper (purple dash-dotted line) are almost identical. Taking into account the momentum dependence of the σ-meson propagator in RPA (green dashed line) leads to a very pronounced peak at m σ ≈ 600 MeV, which gets strongly broadened when the ππ-decay width is included (red solid line).
While the Weinberg cross section is temperature independent by construction, the NJL results change when the temperature is altered. The main effects can be attributed to the temperature dependence of the σ-meson mass and, closely related to this, to the temperature dependence of the scattering lengths, cf. Figs. 3 and 5. When the scattering amplitude is approximated by its threshold value (blue dotted lines), the latter simply leads to a scaling of the vacuum result by an energy independent factor, which basically follows the behavior of the squared scattering lengths. In particular the whole curve (almost) diverges at the "Feshbach resonances" T = T diss and T = T Mott .
When the momentum dependence of the σ-meson propagator is taken into account, the temperature effects are more subtle. Since the σ-meson mass decreases, the corresponding peak in the RPA calculation moves downwards in energy (green dashed lines), reaches the threshold at T = T diss and finally moves out of the kinematically allowed regime. Thus, whereas at T = 150 MeV the qualitative behavior is still similar to the vacuum case, at temperatures close to or above the σ-meson dissociation temperature, the cross sections can fall considerably below the approximation with the momentum independent amplitudes. It is also remarkable that, except for the threshold region, the cross sections obtained with the dressed σ-meson (red solid lines) are rather temperature independent.
Finally, we note that the NJL-model cross sections are typically orders of magnitude larger than the cross sections obtained from the Weinberg scattering lengths and agree with the latter only at low temperatures at threshold. Of course, this also has important consequences for the shear viscosity, which we discuss in the next section.
IV. SHEAR VISCOSITY AND THE IDEAL FLUID
The masses and scattering amplitudes computed in the previous section can now be used to calculate the shear viscosity as outlined in sect. II, i.e., from Eq. (13). Thereby we restrict ourselves to the case of a vanishing pion chemical potential, µ π = 0.
A. Shear viscosity
The shear viscosity η as a function of temperature T is shown in fig. 9 , where again the results of the different approximations for the scattering amplitude are compared. For a qualitative interpretation it is useful to recall the simple nonrelativistic approximation
wherep andσ tot are the thermally averaged pion momentum and cross section, respectively. Since with increasing temperature, increasing momenta and energies are probed, the cross section obtained with the constant Weinberg amplitude decreases with temperature (cf. fig. 8 ) and therefore the shear viscosity rises fig. 10 is less than unity.
monotonously in this approximation (purple dash-dotted line).
Almost the same result is obtained with the momentum independent NJL amplitude (blue dotted line) in the regime below T ≈ 100 MeV, where this amplitude is in good agreement with the Weinberg value. On the other hand, in the vicinity of the chiral crossover, in particular at T diss and T Mott , the shear viscosity becomes very small because of the large cross section in this region.
When the momentum dependence of the RPA σ-meson propagator is taken into account (green dashed line), the minimum of the viscosity moves to lower temperature. In fact, we should expect that the minimum is roughly at the temperature where the mean center-of-momentum energy matches the σ-meson mass peak. This estimate yields T min ≈ 100 MeV, while the exact value is even somewhat lower, T min ≈ 70 MeV. Accordingly, at low and intermediate temperatures, the shear viscosity is considerably lower than in the previous approximations. On the other hand, when the dissociation temperature is approached, the energy of most pion pairs is way above the σ-meson mass peak and, hence, the viscosity is much larger than in the case of the momentum independent threshold amplitude. Note, however, that the strong decrease towards the Mott temperature persists. This is most likely an artifact of neglecting the momentum dependence of the quark triangles and box diagrams.
When we consider the dressed σ-meson, we obtain the result indicated by the red solid line. At low temperature the broadening of the mass peak leads to a strong enhancement of the cross section in the relevant kinematical region, whereas at intermediate temperatures, it is strongly reduced. As a consequence, the dip which is found in RPA, leading to a minimum at T ≈ 70 MeV, is completely washed out. Above the dissociation temperature, the pion decay channel of the σ-meson is of course irrelevant, and the shear viscosity practically coincides with the RPA result.
Finally, it should be noted that in the low-temperature limit all approximations approach the Weinberg result. This follows from the fact that at low enough temperature the momenta of the pions can be neglected and therefore only the scattering lengths are relevant. Hence the viscosities obtained from the momentum dependent scattering amplitudes converge to the result from the momentum independent amplitude, which in turn is in good agreement with the Weinberg result. It turns out, however, that in particular for the dressed σ-meson one has to go to very low temperatures to see this behavior (see lower part of fig. 9 ). Here we find that, because of the steep rise of the cross section near the threshold (see fig. 8 ), the viscosity starts to deviate from the other approximations already at T ≈ 0.1 MeV. Above this value, it first decreases and reaches a minimum at T ≈ 2 MeV, while the other curves strongly grow in this interval. As a consequence, the viscosities differ already by about an order of magnitude at T = 5 MeV.
Of course, these low temperatures are only of conceptual interest. Since there is no pion chemical potential, the particle distribution functions decrease exponentially with decreasing T and become extremely small. As a consequence we encountered numerical instabilities at temperatures below 5 MeV. In this temperature regime, we have therefore performed a nonrelativistic approximation in order to obtain numerically stable results.
B. Validity of the kinetic description
Although kinetic theory formally provides a viscosity for all interactions at any temperature, we should keep in mind that the underlying assumption is the dilute gas limit, i.e., the results can only be trusted if the mean free path λ is much larger than the typical range of the interaction r. The mean free path is given by λ = 1/(nσ tot ), where n is the pion density, which can be calculated in the ideal-gas limit. For the thermally averaged cross section we simply invert eq. (29) and express it through the calculated shear viscosity. This yields λ = 3η/(np).
In addition, we have to estimate the interaction range in an appropriate way. Since in our model the long-range part of the ππ-scattering is mediated by σ-meson exchange, we may set r = 1/m σ . Two alternative estimates have been established in ref. [17] . The first is based on the hard-sphere limit, leading to r = σ tot /π. The second is the Compton wave length of the scattered particle, i.e., in our case r = 1/m π .
Hence, since the definition of the interaction range is somewhat arbitrary, we check the validity of the kinetic approach by calculating λ/r for all three estimates of r. The results agree qualitatively for a single scattering amplitude, but depend strongly on the scattering amplitude itself. This is shown in fig. 10 , where the different bands indicate the regions between the smallest and the largest λ/r for a given scattering amplitude. For the weakest interaction, the temperature and momentum independent Weinberg amplitude, the ratio λ/r is much larger than unity for all temperatures of interest. For the other approximations, on the other hand, there are regions where λ/r gets small and, thus, the Boltzmann approach is not valid. In fact, since λ is proportional to η in our estimate, these regions roughly coincide with the minima of the shear viscosity. For instance, for the momentum independent, but temperature dependent NJL-model amplitude, λ/r gets very small in the vicinity of T diss and T Mott , whereas including the momentum dependence of the σ-propagator in RPA invalidates the BUU approach even at temperatures below 100 MeV. This is cured again, when the ππ-decay width of the σ-meson is taken into account. In this case the results can be trusted until closely below the Mott temperature.
C. Fluidity measures
In order to compare the fluidity of systems with rather different natural scales, like cold atomic gases, water or the quark-gluon plasma, the absolute value of the shear viscosity is not very meaningful. More appropriate fluidity measures are therefore dimensionless ratios of η and some thermal quantity, which scales in the proper way. The most prominent example, at least in the context of the quark-gluon plasma, is the ratio of shear viscosity and entropy density s, which has been conjectured to have a universal lower bound, η/s ≥ 1/4π [33] .
An alternative measure, which is better suited for the comparison of relativistic and nonrelativistic systems, has been suggested in ref. [47] . It is given by the ratio of two characteristic length scales
where L η = η/(hc s ) is related to the shear viscosity and L n = 1/n 1/3 is related to the density. Here n is the number density, c s is the sound velocity and h = ǫ + p is the enthalpy density.
Our results for η/s and L η /L n are shown in fig. 11 . For the shear viscosity, we only take the most realistic amplitude, which includes the dressed σ-meson. The other quantities involved in the ratios, i.e., s, n, h and c s , are calculated in the ideal-gas limit, which is consistent with the Boltzmann approach. We find that both fluidity measures are very similar. After decreasing by several orders of magnitude at low temperatures, the curves become rather flat in an intermediate temperature regime, where we find η/s ≈ 3 and a somewhat larger value for L η /L n . Finally, there is another steep decrease when T approaches the Mott temperature. However, as already mentioned, this drop is probably an artifact of neglecting the momentum dependence of the quark triangles and boxes.
For comparison we also show the ratios one obtains when η is calculated from the simple estimate eq. (29) with the additional assumption that the thermally averaged cross sectionσ tot can be approximated by the cross section at the averaged momentum σ tot (p). Compared with the Boltzmann approach, the results are about 30% lower but in good qualitative agreement. Hence, at a stage where the uncertainties in the scattering amplitude are still very large, this approximation is a viable alternative to the exact solutions of the BUU equations.
V. DISCUSSION
In this article, we have computed the shear viscosity of a pion gas within relativistic kinetic theory. Our main focus was to study the effects that originate from the chiral crossover transition. To this end we have employed a two-flavor NJL model to calculate the effective masses and scattering amplitudes of pions in a hot medium. The shear viscosity was then obtained from the solution of the BUU equation in a Chapman-Enskog expansion to leading order. Simultaneously we have carefully analyzed the range of validity of this approach, bearing in mind that kinetic theory can only be applied for dilute gases.
While at low temperatures our results are consistent with lowest-order chiral perturbation theory, the scattering of pions is strongly affected by the restoration of chiral symmetry at high temperature. In particular the lowering of the σ-mass leads to a strong enhancement of the s-channel σ-exchange diagram. As a consequence, the shear viscosity is much smaller than it would be expected from a simple vacuum extrapolation.
In the cross-over region the ππ-scattering length diverges at two characteristic temperatures, T diss and T Mott . This is reminiscent of the situation in ultra-cold atomic gases in the vicinity of a Feshbach resonance. Motivated by this analogy, in a first step, we have neglected the momentum dependence of the scattering amplitude completely and only kept the temperature dependence according to the scattering length. Accordingly, the shear viscosity was found to have sharp minima at T diss and T Mott in this approximation.
On the other hand, unlike for cold atoms, the knowledge of the scattering length is not sufficient to describe the scattering of hot pions. Because of thermal motion, the σ-meson mass pole can be reached at temperatures well below the dissociation temperature, and we therefore find a considerable reduction of the shear viscosity at lower temperatures, when the momentum dependence of the scattering amplitude is taken into account.
However, the results turned out to be very sensitive to the approximations we have applied to evaluate the σ-propagator, and our 'most reliable' approximation, where we have included the σ → ππ-decay width, is surely not the last word. In fact, except for the region close to the Mott temperature, where the Boltzmann approach should not be trusted, our results for η/s are still more than one order of magnitude above the conjectured lower bound of 1/4π. Thus, various improvements and extensions of the model should be performed:
The dressing of the σ-meson as described in sec. III C 4 was done in a rather simple way by only including the imaginary part of the diagram shown in fig. 6 . As already pointed out, this ensures the correct threshold behavior, dictated by chiral symmetry, but it violates causality. One may try to cure this problem by calculating the real part of the of the diagram from a subtracted dispersion relation, with the subtraction constant chosen in such a way that the scattering lengths remain unchanged. This would be rather straightforward in the chiral limit. For physical pion masses it is more difficult because, even at threshold, the σ-meson in the s-channel is probed at a different kinematical point than in the t-and u-channel (q 2 = 4m 2 π and q 2 = 0, respectively), so that it is not immediately clear how to make the subtraction.
The dressed σ-meson can be viewed as to arise from iterating the σ-meson exchange diagram in fig. 4 . In the same way one should also iterate the box diagram. Formally, this yields a series of diagrams which are of the same order in 1/N c as the dressing of the σ-meson and which contributes to the imaginary part above the twopion threshold as well. We have not considered these diagrams so far, because our primary interest was in getting rid of the sharp resonance peak caused by the RPA σ-meson. They might nevertheless give important contributions to the scattering amplitude. Taking them into account, makes it of course even more difficult to satisfy chiral theorems and causality, and one has to see whether dispersion techniques can help here as well. Maybe at that point one has to give up some of the formal requirements and should judge the reliability of the approximation by comparison with ππ-scattering data at T = 0.
In the ππ-sector, we should also include intermediate ρ-mesons in order to obtain a realistic description of the p-wave isovector channel. In addition, we should include other hadrons, which are suppressed at low temperatures, but can become important in the crossover region [48] [49] [50] . In particular, we wish to extend the model to three flavors and include kaons and η-mesons. Moreover, we would like to include the scattering of quarks, which become important above the crossover temperature. On the other hand, in order to suppress quark effects in the hadronic phase, they should be coupled to the Polyakov loop. Work in these directions is in progress.
